MORE ON THE DECOMPOSITION OF TREES INTO 1SOMORFHIC SUBTREES

N. Alon and Y. Caxo

Abstract

Caro and Schonheim [2] gave & necessary conditfon for
a tree T to be the union of palrwise edge-disjoint subtrees,
each isomerphic teo a given tree G, and ahowed that this
condition 1s not sufficient in gemeral.

Answering a question raised in [2], we give & simple
characterization of those trees G for which this condi-
tion is also sufficient for all trees T.

Ou¥ notation is similar ko that ef Alom im [1]. ALL graphs
comsldered in this paper are fimite and undirected. A graph H is
said to have a G-decomposition if it ie the union of pairwise edge—
disjoint subgraphs, each isomorphic te G. We denote this situmtien
by G|M.

We denote by V(G) the set of vertices of G and by E{G) the
set of edges of G, and put efG) = |E(G)]|. If T 4s a tree, C(T)
is the set of all cut points of T. If u e C(T) and Hu.:ifl:lsisul
iz the sat of edges ineldent with n, them T-u i3 a4 forest consisting
of trees TyveaaaT, where g, e T, for 1 =135 s. The branches
of T at u are the trees Tiu{u,:i},ISl.is. 1f v is a
vertex of T, v # u, Jlert B{u,v,7) denote the uniquea branch of T
at u that contains w. We demote by B(uw,T) the set of all branghes
of T at u, and put Bv{u,T} = Blu, ) {B{u,v,T}}. We also define
@lu,T) = max {e(B): B ¢ B(u,T)].

Denote by dt i{u.'ﬂ the number of branches B at u such that
e(B) = e(mod k): tha (med 1) brasching vector of u ia the vector

dk[ih'ﬂ' - dl.k{u'T}‘di.k{“'T]'“"difl,it“"r” « LE T has k e‘ﬁ!ﬂﬂ
ve write d(u,T) instead of dk{u.T]. Hoeice that im this case

ai’k(u.'r} is Just the number of branches at wu having exactly 4
edges.

Let ¢ be a tree with Lk edges, and Iet T be & tree, Denote
by C||T the following condition: For every v e C(T), d (v,T) 4is
a linear combination with nomnegatiwve intepsr coefficients of the
veetors d(u,B) (u e C(G)).
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In this motation Theorem 2 dn [2] glves the following necessary
condition for a tree T to have a G-decomposition.

THEOREM A. If G ieg a tree and e(C) > 1, them for every itree T
gir = a||r.

The converse is not true in general, and scme simple counter-
exanmples are given in [2]. In this paper we give a simple character-
ization of those tress € for which the comverse implication holds

for all treea T.

Another characterization of these trees O was given by Alon im
Theorem 1 of [1] (see condicion (11) below). This characterization is
not so simple and, ae noted by the referee, it does not yileld an
easy algorithm to check whether a given tree G satisfies the converse
of Theorem A. The clharacterizatlon given Lere supplles such an algorithm.

Let ¢ be a tree with k edges, k > 1, Coaslder the following
four conditions:

(i) For every tree T, &||T + glT.

(i1) For every tree T with k edges, G||T +¢|T (L.e., G||T + T
is isomorphic te G).

(111) For every two distinct vertices u,v ¢ C(G), the following
conditien € = C{u,v) holds.

Condition Clu,v): I1f e(B(u,v,6)) = e(B(v,u,G)), then there is
a bijection £i Bv(u,m - Rul:v,,ﬂl such that for every B e Ev{u,l'.i] B
is fsomorphic to £(B) by an lsomorphism that carrfes u onto v,
(The existence of such a bijection f 1s clearly equivalent to the
exigtence of an isomorphism g: U‘Bv(u,c) + UEu[II','I:] that maps u onto
v.)

{(i¥) For every u,v = C(G)

wlu,8) - m{v,8) = d{u,0) = d(v,6).

(The equality d{u.G) = d{v,E) 1s clearly equivalen: to the existence
of a size-preserving bijection f: B(u,G) = B(v,C), 1i.e., =a bijection

f that satisfies e(s) = e(f(s)) for all B £ B(u,u).)

We shall prove the following theorem.

THEOREM 1. Let & be a tree with k edges, k > 1. Then conditions
i) - ({v) are squivalent.

Clearly, it is very sasy to check if a given tree G satisfies
(iv). (In fact, we can devise an algorithm chat will do the checking
in O{k) steps, assuming & suitsble standard presentation of G.)

We note that the squivalence af (ii} and (iw) answers Cuestion 2
raised in [2]. The equivalence of (1) and (11) is just the assertion
of Theorem 1 in [1]. Thus, in order t¢ prove Theorem 1, it remains
to show rthat (11}, (1ii) and (iv) are equivalent.

We need two simple lemmas.

LEMMA 1. If G and T are trees, efC) =alT) =k>1 and 0}|T,
then for every v e C(T) there iz a u e C(G) such that div,T) = diu,0).

Praof. By definirfon thers arve u,,...,n ¢ C{C) and nonmegative
integers Tpnee X such that

m
(1) div,T) = 121 xgd{u;.0).

Define y = (1,2,...,k=1). Clearly, tke gealar product of y and
div,T) dis the sum of the sizes of all branches {n B(v,T), which is
k. Similarly, the secalar product of y amd d(u_.€) is k for
all i, 1s4{=<m Thus (1) dmplles

!
o= =_.k
=1 1

and the result follows. [

1EMMA 2. Let € ba o tros and suppoess wu,v € CfC), u ¢ v. Them
ral arluy @) = mie, &)

17

{3) ifBlu,v,C)) = alBlv,u,Gl).



If (2) fand (3)) hold, them Bfu,v,0) {5 the unigue branch at f(B) (and certainly e(8) = e(f(B)) ) for all B ¢ B _(u,6). This,
u having mfe,G} edges. and the facr rthat &(R{u,v,2)) = & (Rlv,n,R)), imply rhar d{w,C) = d(w,3),
as needad.

Prosf. Clearly B(u,w,0) properly contains cwery branch inm B“(v,c), gtan K. Chv) 4 CELE)L
and thus for every B e B(v,G\{B(v,u.G)]
We suppose that (iv) holds and prove (did). Assumc (iddi) 4s
false, and choose among all pairs of cur poines of G rthat violate
Similarly, for every C « Blu,G)\iBlu,v,G]] condition C a palr (u,v) EFor which e(B(u,v,€)) {=a (B{y u,C}) )

15 waximal. By Lemma 2 w{u,G) = m(v,G) and thus by (iv),
dA{u,B) = diw.B). Sines o(Blu,r.B)) = a{B(v,u,G)), rthis means that

(&) e(B{u,v,G)) > e(B).

(5) a(B{v,u,C)) > alC).

Supposa (2) halds. TF (1) 1s False, we may assume, without loss of there 18 o sizc-preserving bijoction £: B"(Iuﬁl + E“(ﬂr,f.:}. However,
u and v do not satisfy conditiom C, and thus there i1s a branch,

B« B,{u,0) that is mot isemerphis te £(B) by an isemorphism that

generalicy, that

{G) e(B(u,v,@)) * efB{v,u,0)). carries u ontg w., Let uy be the unigue pelghbor of u im B and

lar ¥ be the uaique nedighbor of w din F(R). Clearly L T cic),
Relacfons (4) and (6) lmply
{7y -ﬂ{ul,vrt‘.‘} =olR) - a(B) + 1 = &(B) - «(F(R)) + 1
wlvyG) < e(Blu,v,0)) £ mlu,C),
o ﬂ(B(‘\'irulnu)Jr
contradicting (2). Thus (2) implies (3), Comwersely. if (3} holds, oy
tRn LAy AR Ao Sher chaE (8) e(Blu v, .6)) = o(D) - &(B) + 1> o(B) - e(B) > o (B ((u,v,6)).

alu,8) = e(Blu,v,8)) = e(Blv,u,£)) = mlv,C),
Becavse of the aextremal choica of u and w (see above), inagualirvy

2) .
. ey () “Amiiaen (22 (8} iwmpllies conddtlon ﬁ{ul.vl}. Bucause of {7), this means that there

1€ ¢8) holds, then (5) implies thet Bfu,v,6) s the unique is an imemorphism gt “{Eﬂll“l'nJJ - ﬂ[lult.'l' 01 that carries "y

branch at u having wiu,0) edges. 0O onto  w,. But this g can clearly be extended to am fsomorphiem
from B to [(B) that carries w onte v. This contradicts the

Proof of Theaoram 1. We have to prove that conditions (11), (d4ii) Tact that there is not euch an isomarphism snd thus completes the
and (iv) are equivalemt. We split the proof inte four atapa. proof of Step IL.
Step I. (did) + (iv). Step IIL. (11) + (iw)

Aszume ({11) holds and seppose u,v ¢ C{C) caticfy m(u,C) = mlv.0C). Assume (1v) ds false. We prove that (if) is false by construciing
We have to show thac d(u,G) = d(v,G). If w=v this is trivial. atree T with k edges soch that G| |T but T s not isomorphice
Othervise, e(B{u,v.0))= ofBlv,u,8)) by Lémma 2. By (i{1), there Fo B, Lat u,v ¢ €{C) wsatisfy m{u,B) = mlv,0) (=e(Blu,v,C})) bue
ig & bijection f: B (u,6) = ﬂu'{v.GJ such that B 1s isoworphic to d{u,G) ¢¥ d(v.G). Let T be the tree obtained from G by replacing
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the branches in !v(u.G) by isomorphic copies of the branches in
Eu(v.c). Thus T consists of two edge-disjoint subtrees T,,T,
with a common vertex u: TD = B(u,v,G), and Tl is isemorphic to

UB {v,6) by an isomorphism x that carries u onte v. MNote

that the replacement of UB (u,G) by T; does not affect the vectors
di(x,G) for x ¢ ?(Tofl\{u}.

We first show that G||T. Suppose y « C(T). If y & V(T)\{u)
then d(y,T) = d(y,C), a= noted above. If y « V(T;)\{u} then
d(y.1) = d(x(y),G). Clearly @(u,T) = d(v,6). Thus 6]|T.

Mext we ghow that T is mot isomorphic to G, by showing that
the number of cut points y e C(T) for which d(v,T) = d(v,G) s
greater than the mumber of cut points x < c{c) rthat satisfy
d(x,6) = d(v,G). Indeed, if x £ V(E)\V(B(u,v,G)) then clearly
m(x,0) > e(B(u,v,0)) = m{u,G) = mlv,G) and thus d(x,0) # d(v.0).
In addition d{u,G) # d{v,G) and thus all the cut points X ¢ c(g),
for which d(x,6) = d(v,G} belong to V(B(u,v,G))\{u}. However,
for sach such x, d(x,T) = d(x,6) = d(v,G) and in addition
d(u,T) = d(v,6). This completes Step IIL.

Step IV. (iv) =+ (i1)

Suppose (iv) holds. let T be a tree with k edges, and suppose
G||T. We have to show that T 4s isomorphic to G. Assume this 1s
false. By Lemma 1, for every v ¢ C(T) there is a u ¢ c{c)
and a size-preserving bijection £: B(u,G) = B({v,T). Since G is
sok isomorphie to T, there 1s a branch B ¢ B(u,G) such that B
1s mot "properly" isomorphic to f(B), 1i.e., such that there is no
isomorphism g: B + £(B) that carries u oato wv. Let niv,u,f)
denote the smallest possible mumber of edges of a branch B ¢ B{u,G)
that is not properly isomorphic to f£{(B). Define n = {min alv,u,f)},
where the minimum is taken over all triples (v,u,f) with v ¢ C(T),

u e €(G), d(v,T) = d(u,G) and f: B(u,6) + B(v,T) a size-preserving
bijection. Suppose n = nlvg,u;.fy) and let B ¢ Blug,G) be s

branch of size n at uy that is not properly isomorphic teo G = IOCB}.
lat o, be the unigue neighbor of Uy in B and let wy be the

unique neighbour of vy ia C. Clearly vy € C(T), since otherwise
o(B) = e(C) = 1, and B would be properly isomorphic to €. Thus,
thers is & = ¢ C(G) such that d(z,6) = c‘!{vl,T}. {.¢., thare (e a
size-preserving bijection g: B(z,G) + E{vl.'l'J-
If I(vl.':r) € n, then, by the minimality of =, every D ¢ E(z,G)

is properly isomorphic to g(D), and thus € 4s isomorphic to T,
which contradicts our assumption. Thus n(vl,'!) =z mn. Since all the
branches of T at v, except B(vl,vu,r} are properly contained in

C and e(C) = n, we conclude that m(v,,T) = -(B(vl.vo.l‘}). Clearly

(9) n< l[!(vl,vn.'r)) =k - e(C) +1 =k - e(B) +1= e(Blu,u,0)),

and gince all the branches of € at u, except ntui,uo.ﬁl are
properly contained in B, and e(B) = n, we conclude that

wlu,,G) = e(B(u,,u;,6)) = mlv,,T).

Since d(z,6) = d(vl,'ﬂ, clearly m(z,G) = u(vl.‘ﬂ = I(H-I.Gl-

Thus, since G satisfies (iv}, d(ul.G:l = d(z,G) = d(vl.I) and
therefore there 48 a size-preserving bijection h: E(ul,ﬂ) + Blv,,T).
Because of (9) we may assume that

h(B(u; auy,G)) = Blvy,v,.T).

If De E{Hr“)"“"“z-“u-“” then e(D) < n and thus, by the
minimality of n, D is properly isomorphic te h(D). Therefore
UB  (u,,6) is isomorphic te UB_ (v.,T) by an isomorphism that

uy 1 Yo 1

carries u; onto vy Thie imomorphism can clearly be extended to a
proper isomorphism from 3 te €, which is impossible, since B

and C, as chosen sbove, are not properly fsomorphic. This completes
Step IV and establishes Theorem 1, [

Remark. The equivalence between conditions (1) and (iv) of Theorem 1

implies Theorem 2 of [1] and Theorems 3,4,5 and 6 of [2] aa special
cases.
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